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In this study, we investigate the signature of the Unruh effect in quantum radiation from an
accelerated charged particle interacting with vacuum fluctuations. Because a charged particle in
uniformly accelerated motion exhibits thermal random motion around the classical trajectory be-
cause of the Unruh effect, its quantum radiation might be termed Unruh radiation. We show that
the energy flux of the quantum radiation is negative and that its amplitude is smaller than the
classical Larmor radiation by a factor of a/m, where a is the acceleration and m is the mass of the
particle. The total radiation flux of the classical Larmor radiation and the quantum radiation is
positive; therefore, the quantum radiation appears to suppress the total radiation. Interestingly, the
results are consistent with the prediction for the quantum correction to classical Larmor radiation,
which were obtained using a different approach.
I. INTRODUCTION
Hawking radiation refers to the theoretically predicted black hole emission of thermal radiation with a temperature
of TBH = 1/8πGM , where M is the mass of the black hole and G is the gravitational constant [1]. The detection
of Hawking radiation is extremely difficult because the Hawking temperature of a black hole with solar mass M⊙ ∼
2× 1030 [kg] is of the order of TBH ∼ 10−7 [K], which is much smaller than the temperature of the cosmic microwave
background TCMB ≃ 2.7 [K]. The Unruh effect refers to the prediction that a uniformly accelerated observer sees the
Minkowski vacuum as a thermal bath with a temperature of TU = a/2π, where a is the acceleration of the observer
[2].
The Unruh effect is related to the Hawking radiation via the principle of equivalence. Therefore, any experimental
verification of the Unruh effect will be useful as an analogy of the Hawking radiation. P. Chen and T. Tajima pointed
out the possibility of testing the Unruh effect using an extremely intense laser [3]. An electron accelerated by the
laser will see the Minkowski vacuum as a thermal bath; then, radiation might be produced via the Unruh effect,
which is referred to as Unruh radiation. Using a laser with an intensity of the order of 1025 [W/cm2] [4], the Unruh
temperature reaches TU ≃ 103 [K], which is much higher than room temperature. Thus, Unruh radiation is interesting
as evidence of the Unruh effect.
Possible signatures of Unruh radiation have been theoretically investigated by several authors. The authors in
Refs.3, 5, 6 investigated the Unruh radiation produced by scattering between an accelerated electron and the Rindler
particle of the thermal bath originating from the Unruh effect. However, the importance of quantum interference in
predicting the Unruh radiation has been pointed out [7–12]; we take this interference into account in our theoretical
investigation of the signature of the Unruh radiation [13].
The paper is organized as follows. In Sec. II, we review our results in Ref.13. Adopting a model consisting of a
charged particle and an electromagnetic field, we calculate the energy flux while taking the quantum interference term
into account. In Sec. III, we show that the results in Sec. II are consistent with the first-order quantum correction to
the Larmor radiation, which was previously obtained using a different approach in Refs.16–20.
II. QUANTUM RADIATION PRODUCED BY AN ACCELERATED CHARGED PARTICLE
We adopt a model consisting of a point particle (with a mass m and a charge e) and an electromagnetic field
Aµ(x), which are coupled to each other. The action of the model is given by Stot = SP + SEM + Sint with SP =
−m ∫ dτ√ηµν z˙µz˙ν , SEM = − ∫ d4xFµνFµν/4, and Sint(z, Aµ) = −e ∫ dτ ∫ d4xδ4D(x − z(τ))z˙µ(τ)Aµ(x), where Fµν =
∂µAν−∂νAµ is the field strength and ηµν is the metric of the Minkowski spacetime, for which we follow the convention
2(+−−−). The equations of motion are derived from the action as follows:
mz¨µ = e(∂µAν − ∂νAµ)z˙ν + fµ(ABG), (2.1)
∂µ∂
µAν = e
∫
dτz˙ν(τ)δ4D(x− z(τ)), (2.2)
with ∂µA
µ = 0 (gauge condition), (2.3)
where we introduce the external force fµ that accelerates the particle with acceleration a using a uniform electromag-
netic field ABG. The solution of Eq. (2.2) is given by
Aµ(x) = ABGµ(x) +Ahµ(x) + e
∫
dτGR(x, z(τ))z˙µ(τ), (2.4)
where Aµh satisfies ∂ν∂
νAµh = 0, and GR(x, y) represents the retarded Green’s function that satisfies ∂µ∂
µGR(x, y) =
δ4D(x − y). Note that the background part of the electromagnetic field ABG(x) does not contribute to the radiation
energy flux, but instead, simply uniformly accelerates the particle. We introduce the inhomogeneous solution of the
electromagnetic field Aµinh(x) as follows
Aµinh(x) ≡ e
∫
dτGR(x, z(τ))z˙
µ(τ). (2.5)
Decomposing the trajectory of the particle zµ = zµ(τ) into two parts
zµ = z¯µ + δzµ (2.6)
z¯µ = (a−1 sinh (aτ), a−1 cosh (aτ), 0, 0), (2.7)
and substituting (2.4) into (2.1), we obtain the linearized equation of (2.1),
mδz¨i(τ) =
e2
6π
(δ
...
z i − a2δz˙i) + e(ηiν ˙¯zα − ηiα ˙¯zν)∂νAhα(x)|x=z(τ). (2.8)
In the following discussion, we omit the third-order time derivative term of the radiation reaction force (e2/6π)δ
...
z i
in (2.8), because the contribution of this term to the perturbation δzi is of the order of O((a/m)2) ∗, as mentioned
in the paper by S. Zhang [15]. Moreover, this term corresponds to the effect caused by the short-distance dynamics,
whose scale is of the order of e2/m, which is much smaller than the Compton length 1/m.
To obtain the energy flux of the Unruh radiation, we first calculate the two-point correlation function,
〈Aµ(x)Aν (y)〉 − 〈Aµh(x)Aνh(y)〉 −AµBG(x)AνBG(y)
= 〈Aµh(x)Aνinh(y)〉+ 〈Aµinh(x)Aνh(y)〉+ 〈Aµinh(x)Aνinh(y)〉, (2.9)
where 〈Aµh(x)Aνh(y)〉 represents the Wightman function for vacuum fluctuations of the field and AµBG does not con-
tribute to the energy flux; therefore, we subtracted it from the two-point function. The inhomogeneous solution is
written as
Aµinh(x) =
ez˙µ(τx−)
4πρ(τx−)
(2.10)
with ρ(xx−) ≡ z˙µ(τx−)(xµ − zµ(τx−)), where τx− satisfies the relation (x− z(τx−))2 = 0 and the trajectory z(τx−) is in the
R-region (see the left panel of Fig. 1). Using the expansion in (2.6), we obtain ρ(x) = ρ0(x) + δρ(x), where ρ0 and
δρ are defined as ρ0(x) ≡ ˙¯zµ(τx−)xµ and δρ(τx−) ≡ δz˙µ(τx−)(x− z¯µ(τx−)), respectively. Then, we obtain the formula for
the inhomogeneous part Aµinh(x)
Aµinh(x) =
e
4πρ0(x)
( ˙¯zµ(τx−)− Eµ(−)i(x)δz˙i(τx−)), (2.11)
∗ We need to impose the condition a≪ m so as to avoid the boiling vacuum that is due to the Schwinger effect. Therefore, a/m is much
smaller than unity.
3where we define Eµi∓ (x) as E
µi
∓ (x) ≡ ηµi −
˙¯zµ(τx∓)x
i
ρ0(x)
and τx± satisfies the relation (x− z¯(τx±))2 = 0 (see the left pane of
Fig. 1). Using (2.11), we obtain the formula (see Ref.13 for details)
[〈Aµh(x)Aνinh(y)〉+ 〈Aµinh(x)Aνh(y)〉+ 〈Aµinh(x)Aνinh(y)〉]S
=
( e
4π
)2 ˙¯zα(τx−)
ρ0(x)
˙¯zβ(τx−)
ρ0(x)
+
[
e
4πρ0(x)
e
4πρ0(y)
Eβ(−)i(y)E
αi
(+)(x)
2m
I2(x, y)
+
e
4πρ30(x)
e
4πρ0(y)
Eβ(−)i(y)x
iηαAaǫ A
′
A xA′
i
2m
(I1(x, y)− I3(x, y))
]
+ [(x, α)↔ (y, β)] , (2.12)
where the functions I1(x, y), I2(x, y) and I3(x, y) are defined as
I1(x, y) = − i
2πσ
+
i
π
log
(
1 + e−a|τ
y
−
−τx+|
)
+
i
π
a(τy− − τx+)θ(τy− − τx+) +O(σ), (2.13)
I2(x, y) = − a
π
1
ea(τ
x
+
) + 1
+O(σ), (2.14)
I3(x, y) = − i
2πσ
+
i
π
log
(
1− e−a|τy−−τx−|
)
+
i
π
a(τy− − τx−)θ(τy− − τx−) +O(σ), (2.15)
for the F-region x0 > |x1|, where the dimensionless parameter σ is defined as σ ≡ e2a/6πm. Using the formulas of the
energy-momentum tensor T0µ = −(Aα,0 −A0,α)(Aα,µ −A,αµ ) and the energy flux f = −Σ3i=1T0ini (ni ≡ xi/
√
Σxixi ≡
xi/r), we obtain the energy flux expressed as f(x) = fC(x) + fQ(x) at a large distance (i.e., r → ∞). fC(x) and
fQ(x) are the classical part (the Larmor radiation) and the quantum part (the Unruh radiation), respectively, defined
by
fC =
( e
4π
)2
a2
1
r2
1
sin4 θ
G(q), fQ =
( e
4π
)2 a3
2πm
1
r2
1
sin4 θ
F (q), (2.16)
with
G(q) =
1− P 2
(1 + q2)2
, (2.17)
F (q) =
1
(1 + q2)3
[
6P (2P 2 − 1)
{
log aǫ− log (1 + e−a|τ−−τ+|)− a(τ− − τ+)θ(τ− − τ+)
}
+
2P
(aǫ)2
+ 2
(3− ea(τ+−τ−))(2− ea(τ+−τ−)(9− ea(τ+−τ−)))
(1 + ea(τ+−τ−))3
]
, (2.18)
where we defined ǫ = |τx− − τy−| and P = − tanha(τ+ − τ−)/2 = q/
√
1 + q2 with q = a(t − r − 1/2a2r)/ sin θ. Note
that F (q) contains two terms that diverge in the coincidence limit y → x. This divergence derives from the point
particle approximation [12, 14]. The approximation can be removed by taking into account the finite-size effect of the
particle. Here, for simplicity, we omit the divergent terms. This procedure does not change our conclusions, as long
as the cutoff value is of the order of aǫ = O(1). The right panel of Fig. 1 plots G(q) and F (q) as functions of q. We
see that F (q) is typically negative; thus, the quantum part of the radiation flux is typically negative. However, the
total radiation flux of the classical part and the quantum part is positive; therefore, the quantum radiation appears
to suppress the total radiation. This property is consistent with the predictions of the model based on the massless
scalar field [12].
III. QUANTUM CORRECTION TO THE LARMOR RADIATION
The quantum correction to the Larmor radiation has been investigated using quantum field theory for a time
dependent background[16–20]. The field theoretical approach to the quantum radiation from an accelerated charge is
different from that described in the previous section. However, the results are consistent with those presented in the
previous section. In the previous section, we adopted the unit ~ = 1; here, we explicitly include ~.
According the results in Refs.16, 18, in the non-relativistic limit of the velocity of a charged particle, |v| ≪ 1, and
the energy of the quantum Larmor radiation is expressed as the combination of the classical Larmor radiation E(0)
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FIG. 1: (Left) The hyperbolic curve in the R-region is the trajectory of a uniformly accelerating particle. The hyperbolic curve
in the L-region is the hypothetical trajectory obtained from an analytic continuation of the true trajectory. For an observer at
point xµ in the R-region, τx
−
is defined by the proper time of the particle’s trajectory intersecting with the past light cone; τx+ is
similarly defined by the future light cone. For an observer in the F-region, τx+ is the proper time of the hypothetical trajectory
in the L-region intersecting with the past light cone. (Right) Functions G(q) (red line) and F (q) (blue line) with divergent
terms omitted. The sign of G(q) is positive; the sign of F (q) is typically negative.
of the zeroth order of ~, and the quantum part E(1) of the first order of ~, E = E(0) + E(1) where
E(0) =
e2
6π
∫
dt(v˙1(t))2, (3.19)
E(1)=
e2~
6π2m
∫
dt
∫
dt′
v¨1(t)v˙1(t′)− v˙1(t)v¨1(t′)
t− t′ , (3.20)
where dots indicate differentiation with respect to t or t′. We may use the relations t = z¯0(τ) = a−1 sinhaτ ,
z¯1(τ) = a−1 coshaτ , and v1(t) = tanh aτ , for evaluating the radiation energy. We roughly estimate the order of the
radiation rate as
dE(0)
dt
≃ e
2a2
6π
, (3.21)
dE(1)
dt
∼ −~e
2a3
6π2m
. (3.22)
Note that the first-order correction to the Larmor radiation (3.22) is negative and that its amplitude is of the order of
∼ ~e2a3/m; these two statements are consistent with the results of (2.16). Therefore, the quantum radiation obtained
in the previous section is related to the quantum correction to the Larmor radiation. The quantum correction to the
Larmor radiation (3.20) is non-local in time, which might be useful for understanding the quantum radiation that is
due to the Unruh effect.
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